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THE IWASAWA DECOMPOSITION AND THE
BRUHAT DECOMPOSITION OF THE
AUTOMORPHISM GROUP ON CERTAIN
EXCEPTIONAL JORDAN ALGEBRA.
AKIHIRO NISHIO
Abstract. Let J 1 be the real form of a complex simple Jordan
algebra such that the automorphism group is F4(−20). By using
some orbit types of F4(−20) on J 1, for F4(−20), explicitly, we give
the Iwasawa decomposition, the Oshima–Sekiguchi’s K−Iwasawa
decomposition, the Matsuki decomposition, and the Bruhat and
Gauss decompositions.
This article is a continuation of [13].
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9. Overview.
Let G be a connected non-compact semisimple R−Lie group of which
the center Z(G) is finite. We denote its R−Lie algebra by g = Lie(G).
Let θ be a Cartan involution of g and its Cartan decomposition g = k⊕p
where k := {X ∈ g| θX = X} and p := {X ∈ g| θX = −X}. Let a be
a maximal abelian subspace of p, a∗ the dual space of a, and m = Zk(a)
the centralizer of the subset a of the Lie algebra k. For each λ ∈ a∗,
let gλ := {X ∈ g| [H,X] = λ(H)X for all H ∈ a}. λ is called a root of
(g, a) if λ 6= 0 and gλ 6= {0}. We denote the set of roots of (g, a) by Σ.
Then g = g0⊕
∑
λ∈Σ gλ, [gλ, gµ] ⊂ gλ+µ, θgλ = g−λ, and g0 = a⊕m (cf.
[8, Ch V]). We introduce an ordering in a∗, and this ordering single
out the set Σ+ of positive roots. We denote Σ− := {−λ| λ ∈ Σ+},
n+ :=
∑
λ∈Σ+ gλ, and n
− :=
∑
λ∈Σ− gλ. Then n
+ and n− are nilpotent
subalgebras such that θn± = n∓ (resp) and g = n− ⊕ a ⊕ m ⊕ n+.
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2 AKIHIRO NISHIO
For each involutive automorphism ϕ on G, we denote the subgroup
Gϕ = {g ∈ G| ϕ(g) = g} of G. Let Θ be an involutive automorphism
on G, of which the differential at the identity element is the Cartan
involution θ of g: dΘ = θ, and K := GΘ. Note that Lie(K) = k, K is
connected and closed, and that K is a maximal compact subgroup of
G (cf. [7, Ch VI,Theorem 1.1]). We denote the subgroups A := exp a,
N± := exp n± (resp), and M := ZK(a) the centralizer of the set a of
K, respectively. Then the identity connected component M0 of M is a
connected Lie subgroup corresponding to m, and Θ(N±) = N∓ (resp).
We denote the normalizer of the subset a of K by M∗ := NK(a),
and the finite factor group W := M∗/M . For all w ∈ W , we fix a
representative w˜ ∈M∗. Then
(1) G = KAN+ (Iwasawa decomposition),
(2) G =
∐
w∈W
N−w˜MAN+ (Bruhat decomposition),
(2)′ G = N−MAN+ (Gauss decomposition).
(cf. [7], [11] ). For any g ∈ G, there exist unique elements k(g) ∈
K,H(g) ∈ a, and nI(g) ∈ N+ such that
g = k(g)(expH(g))nI(g).
In (2)′, the submanifold N−MAN+ is open dense in G, and for any
g ∈ N−MAN+, there exist unique elements n−G(g) ∈ N−, mG(g) ∈M ,
aG(g) ∈ A, and n+G(g) ∈ N+ such that
g = n−G(g)mG(g)aG(g)n
+
G(g).
However, in this article, the existence and uniqueness of factors of
Iwasawa and Gauss decompositions for the Lie group F4(−20) will be
shown by using concrete F4(−20)-orbits and stabilizers of F4(−20) in [13].
According to [14, Definition 1.1], a signature of roots is defined by the
mapping  of Σ to {−1, 1} such that  satisfies the following conditions:
(i) (λ) = (−λ) for any λ ∈ Σ,
(ii) (λ+ µ) = (λ)(µ) if λ, µ and λ+ µ ∈ Σ.
According to [14, Definition 1.2], for any signature  of roots with
respect to the Cartan involution θ, an involutive automorphism θ of g
is defined as
(i) θ(X) := (λ)θ(X) for any λ ∈ Σ and X ∈ gλ,
(ii) θ(X) := θ(X) for any X ∈ a⊕m.
Setting k := {X ∈ g| θX = X} and p := {X ∈ g| θX = −X},
g = k ⊕ p. We denote the connected Lie subgroup having the Lie
algebra k by (K)
0. We define the subgroup K by
K := (K)
0M.
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In fact, since all elements ofM normalize (K)
0 from [14, Lemma 1.4(i)],
K is a subgroup of G. We denote
M∗ := K ∩M∗, W := M∗ /M.
Proposition 9.1. (T. Oshima and J. Sekiguchi [14, Proposition 1.10]).
Let the factor set W\W = {w1 = 1, w2, · · · , wr} where r = [W : W].
Fix representatives w˜1 = 1, w˜2, · · · , w˜r ∈ M∗ = K ∩ M∗ for w1 =
1, w2, · · · , wr. Then the decomposition
G ⊃ ∪ri=1Kw˜iAN+
has the following properties.
(1) If kw˜ian = k
′w˜ja′n′ with k, k′ ∈ K, a, a′ ∈ A, and n, n′ ∈ N+,
then k = k′, i = j, a = a′, and n = n′.
(2) The map (k, a, n) 7→ kw˜ian defines an analytic diffeomorphism of
the product manifold K×A×N+ onto the open submanifold Kw˜iAN+
of G (i = 1, · · · r).
(3) The submanifold ∪ri=1Kw˜iAN+ is open dense in G.
The decomposition G = ∪ri=1Kw˜iAN+ is called the K−Iwasawa
decomposition of G.
If a group G acts on a set S, we denote the pointwise stabilizer of
finite set {x1, · · · , xn} of S by Gx1,··· ,xn := {g ∈ G| gxi = xi for i =
1, · · · , n}, and the G-orbit of x ∈ S by G · x := {gx| g ∈ G}. We
denote the Kronecker delta by δi,j. Let O be the octonions having the
conjugation x and inner product (x|y) for x, y ∈ O. We denote the
natural unit octonions: {1(= e0), e1, e2, e3, e4, e5, e6, e7}. Set
h1(ξ1, ξ2, ξ3;x1, x2, x3) :=
 ξ1 √−x3 √−1x2√−1x3 ξ2 x1√−1x2 x1 ξ3

with ξi ∈ R, xi ∈ O. In [13, §1], the exceptional Jordan algebra J 1 is
given by
J 1 := {h1(ξ1, ξ2, ξ3;x1, x2, x3)| ξi ∈ R, xi ∈ O}
with the Jordan product X ◦ Y = 2−1(XY + Y X) for X, Y ∈ J 1.
Put E = h1(1, 1, 1; 0, 0, 0), Ei := h
1(δi,1, δi,2, δi,3; 0, 0, 0), and F
1
i (x) :=
h1(0, 0, 0; δi,1x, δi,2x, δi,3x). Then h
1(ξ1, ξ2, ξ3;x1, x2, x3) =
∑
3
i=1(ξiEi+
F 1i (xi)). We recall that J 1 has the trace tr(X) :=
∑3
i=1 ξi where X =∑3
i=1(ξiEi + F
1
i (xi)), the inner product (X|Y ) := tr(X ◦ Y ), the cross
product X × Y by
X × Y := 2−1(2X ◦ Y − tr(X)Y − tr(Y )X + (tr(X)tr(Y )− (X|Y ))E)
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as well as X×2 := X×X, and the determinant det(X) := 3−1(X|X×2),
respectively. By [13, Lemma 1.6],
(X|Y ) = (
∑
3
i=1ξiηi) + 2(x1|y1)− 2(x2|y2)− 2(x3|y3),(9.1)
det(X) = ξ1ξ2ξ3 − 2(1|(x1x2)x3)− ξ1(x1|x1) + ξ2(x2|x2) + ξ3(x3|x3),
X×2 =
(
ξ2ξ3 − (x1|x1)
)
E1 +
(
ξ3ξ1 + (x2|x2)
)
E2 +
(
ξ1ξ2 + (x3|x3)
)
E3
(9.2)
+F 11 (−x2x3 − ξ1x1) + F 12 (x3x1 − ξ2x2) + F 13 (x1x2 − ξ3x3)
where X =
∑
3
i=1(ξiEi + F
1
i (xi)) and Y =
∑
3
i=1(ηiEi + F
1
i (yi)). We
recall that J 1 has the exceptional hyperbolic planes H, H′ and the
exceptional null cones N+1 , N−1 as
H := {X ∈ J 1| X×2 = 0, tr(X) = 1, (E1|X) ≥ 1},
H′ := {X ∈ J 1| X×2 = 0, tr(X) = 1, (E1|X) ≤ 0},
N+1 := {X ∈ J 1| X×2 = 0, tr(X) = 0, (E1|X) > 0},
N−1 := {X ∈ J 1| X×2 = 0, tr(X) = 0, (E1|X) < 0}.
respectively. In Lemma 10.17, we will show the following equations:
(9.3){
(i) {X ∈ H| (E1|X) = 1} = {E1},
(ii) {X ∈ H′| (E1|X) = 0} = 2−1(S8 + (E2 + E3)) ⊃ {E2, E3}
where S8 = {ξ(E2 − E3) + F 11 (x)| ξ2 + (x|x) = 1}.
The exceptional Lie group F4(−20) is given by
F4(−20) := {g ∈ GLR(J 1)| g(X ◦ Y ) = gX ◦ gY }
which satisfies that
tr(gX) = tr(X), gE = E, (gX|gY ) = (X|Y ),
g(X × Y ) = gX × gY, det(gX) = det(X)
for all g ∈ F4(−20) and X, Y ∈ J 1, from [13, Proposition 1.8]. In [21,
Theorem 2.2.2] and [22, Theorem 2.14.1], I. Yokota has proved that
F4(−20) is connected and a simply connected semisimple Lie group of
type F4(−20), by showing the polar decomposition F4(−20) ' Spin(9) ×
R16 with the center Z(F4(−20)) = {1} ([21, Theorem 2.14.2]). We denote
the elements P+, P− ∈ J 1 by P+ := h1(1,−1, 0; 0, 0, 1) and P− :=
h1(−1, 1, 0; 0, 0, 1) respectively. From [13, Proposition 0.1], we recall
that the exceptional hyperbolic planes and the exceptional null cones
are F4(−20)-orbits in J 1:
H = F4(−20) · E1,(9.4)
H′ = F4(−20) · E2 = F4(−20) · E3,(9.5)
N+1 = F4(−20) · P+,(9.6)
N−1 = F4(−20) · P−.(9.7)
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For i ∈ {1, 2, 3}, we denote the element σi ∈ F4(−20) by
σi
(∑
3
j=1(ξjEj + F
1
j (xj))
)
:=
∑
3
j=1
(
ξjEj + F
1
j
(
(−1)1−δi,jxj
))
.
(see [13, §4]), and the involutive inner automorphism σ˜i; σ˜i(g) :=
σigσ
−1
i = σigσi for g ∈ F4(−20). We simply write σ and σ˜ for σ1 and
σ˜1, respectively. Set (G,Θ) = (F4(−20), σ˜) and K := (F4(−20))σ˜. From
[13, Proposition 4.8] (note (F4(−20))E2 ∼= (F4(−20))E3), the stabilizers
(F4(−20))E1 and (F4(−20))E2 are connected two-hold covering groups of
SO(9) and SO0(8, 1), respectively. So we denote Spin(9) := (F4(−20))E1
and Spin0(8, 1) := (F4(−20))E2 , respectively. By [13, Proposition 4.14],
K = (F4(−20))E1 = Spin(9).(9.8)
(F4(−20))σ˜2 = (F4(−20))E2 = Spin
0(8, 1).(9.9)
Then
H ' F4(−20)/Spin(9), H′ ' F4(−20)/Spin0(8, 1).
We denote D4 := (F4(−20))E1,E2,E3(⊂ K). From [13, Lemma 3.2(1)
and Proposition 2.6(1)], D4 is a connected two-hold covering group of
SO(8), and set Spin(8) := D4. We denote the Lie algebras f4(−20) :=
Lie(F4(−20)) and d4 := Lie(D4) = {D ∈ f4(−20)| DEi = 0, i = 1, 2, 3},
respectively. From [13, Lemma 3.9], f4(−20) has the decomposition
f4(−20) = d4 ⊕ u˜11 ⊕ u˜12 ⊕ u˜13 where u˜1i := {A˜1i (a)| a ∈ O}
(see [13, §3]). The differential dσ˜ of σ˜ at the identity is often denoted by
σ˜. From [13, Lemma 7.2(2)], dσ˜ is a Cartan involution with a Cartan
decomposition f4(−20) = k ⊕ p. We denote at := exp(tA˜13(1)) with
t ∈ R, the one-parameter subgroup A := {at| t ∈ R}, the Lie algebra
a := {tA˜13(1)| t ∈ R} of A, and the linear functional α on a such that
α(A˜13(1)) = 1. Set the centralizer M := {k ∈ K| kA˜13(1)k−1 = A˜13(1)}
of a of K, and its Lie subalgebra m := {φ ∈ k| [φ, A˜13(1)] = 0}. Then
(9.10) ma = am for all m ∈M and a ∈ A.
From [13, Lemma 3.2(2) and Proposition 2.6(2)], (F4(−20))E1,E2,E3,F 13 (1)
is a connected two-hold covering group of SO(7), and set Spin(7) :=
(F4(−20))E1,E2,E3,F 13 (1). By [13, Proposition 7.4],
(9.11) M = Spin(7) = (F4(−20))E1,E2,E3,F 13 (1) = (F4(−20))Ej ,F 13 (1)
with j ∈ {1, 2}. In particular, M is connected. From [13, Lemma 7.5],
a is a maximal abelian subspace of p with the following root space
decomposition of (f4(−20), a):
(9.12) f4(−20) = g−2α ⊕ g−α ⊕ a⊕m⊕ gα ⊕ g2α,
the set of roots Σ = {±α,±2α}, and n± = g±α⊕ g±2α (resp). Then gα
(resp. g−α) is parameterized by the octonions O:
(9.13) gα = {G1(x)| x ∈ O} (resp. g−α = {G−1(x)| x ∈ O})
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where G±1(x) := A˜11(x)+ A˜12(∓x) (resp) and g2α (resp. g−2α) is param-
eterized by the vector parts ImO := {∑7i=1 riei| ri ∈ R} of octonions:
(9.14) g2α = {G2(p)| p ∈ ImO} (resp. g−2α = {G−2(p)| p ∈ ImO})
where G±2(p) := A˜13(∓p)− δ(p) (resp) and δ(p) ∈ m ⊂ d4 (see [13, §7]).
Set N± := exp n± = {exp(G±1(x) + G±2(p))| x ∈ O, p ∈ ImO} (resp).
Because of [G±1(x),G±2(p)] = 0 (resp),
expG±2(p) expG±1(x) = exp(G±1(x) + G±2(p))(9.15)
= expG±1(x) expG±2(p) (resp).
By [13, Lemma 7.1], for any D ∈ d4 and a ∈ O,
(9.16)
{
(i) dσ˜iD = D, (ii) dσ˜iA˜
1
i (a) = A˜
1
i (a),
(iii) dσ˜iA˜
1
j(a) = −A˜1j(a) for j = i+ 1, i+ 2
where indexes i, i+ 1, i+ 2, j are counted modulo 3. Then we get
dσ˜G±1(x) = G∓1(x), dσ˜G±2(p) = G∓2(p) (resp),(9.17)
σ˜ exp(G±1(x) + G±2(p)) = exp(G∓1(x) + G∓2(p)) (resp)(9.18)
with x ∈ O and p ∈ ImO. Especially, σ˜(N±) = N∓ (resp). By [13,
Corollary 8.9],
(9.19) (F4(−20))P− = N+M = MN+.
Then from (9.7),
N−1 ' F4(−20)/MN+.
Fix the Cartan involution θ := dσ˜ and set (α) = (−α) := −1 and
(2α) = (−2α) := 1 on Σ. Then  satisfies conditions (i) and (ii) of the
signature of roots, and we consider the involutive automorphism θ. We
use same notations k, (K)
0, K, M
∗, M∗ , W , and W corresponding
to notations of given for general G, respectively.
Proposition 9.2. (1) θ = dσ˜2 on f4(−20).
(2) θ can be lifted on the group F4(−20) as σ˜2 and
(9.20) K = (F4(−20))σ˜2 = (F4(−20))E2 = Spin
0(8, 1).
Proof. Since M ⊂ D4 by (9.11), m ⊂ d4. Let t ∈ R, D ∈ m, x ∈ O,
and p ∈ ImO. Then using (9.16), (9.17) and the definition of ,
dσ˜2(tA˜
1
3(1) +D) = −tA˜13(1) +D = θ(tA˜13(1) +D) = θ(tA˜13(1) +D),
dσ˜2G±1(x) = −G∓1(x) = (±α)θG±1(x) = θG±1(x),
dσ˜2G±2(p) = G∓2(p) = (±2α)θG±2(p) = θG±2(p).
Thus it follows from (9.12), (9.13), and (9.14) that dσ˜2 = θ on f4(−20).
Then θ can be lifted on F4(−20) as σ˜2. From (9.9), we see (K)0 =
Spin0(8, 1) = (F4(−20))σ˜2 = (F4(−20))E2 , and M ⊂ (F4(−20))E2 by (9.11).
Therefore K = (K)
0M = (F4(−20))E2 . 
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Proposition 9.3. (1) M∗ = M
∐
σM . Especially,
W = {M,σM} ∼= {1, σ} ∼= Z2.
(2) M∗ = M
∗ = M
∐
σM . Especially,
W = {M,σM} ∼= {1, σ} ∼= Z2, [W : W] = 1.
Proof. (1) Fix k ∈ M∗. Then kA˜13(1)k−1 = A˜13(t) for some t ∈ R. We
set B as the Killing form of f4(−20), and a negative definite inner product
Bσ˜(φ, φ
′) := B(φ, σ˜φ′) for φ, φ′ ∈ f4(−20). Then Bσ˜(A˜13(1), A˜13(1)) =
Bσ˜(kA˜
1
3(1)k
−1, kA˜13(1)k
−1) = t2Bσ˜(A˜13(1), A˜
1
3(1)). Thus t = ±1, so that
M∗ = {k ∈ K| kA˜13(1)k−1 = A˜13(±1)}. Put L = {k ∈ K| kA˜13(1)k−1 =
A˜13(−1)}. Then M∗ = M
∐
L. Now, σ ∈ (F4(−20))E1 = K by (9.8),
and σA˜13(1)σ
−1 = σ˜A˜13(1) = A˜
1
3(−1) by (9.16). Therefor σ ∈ M∗, and
since σk ∈M for all k ∈ L, we get L = σM . Hence (1) follows.
(2) Because of σE2 = E2 and (9.20), we see σ ∈ (F4(−20))E2 = K.
Then σ ∈ K ∩M∗ = M∗ . Therefore, because M is a subgroup of M∗
and (1), M∗ = M
∐
σM ⊂M∗ ⊂M∗, and so (2) follows. 
From [W : W] = 1 and Proposition 9.1, the submanifold KAN
+
is open dense in F4(−20), and for any g ∈ KAN+, there exist unique
elements k(g) ∈ K, H(g) ∈ a, and n(g) ∈ N+ such that
g = k(g) exp(H(g))n(g).
However, this fact will be actually shown in this article.
For x ∈ O, we denote Q+(x) := h1(0, 0, 0;x, x, 0) and Q−(x) :=
h1(0, 0, 0;x,−x, 0). We will prove the following main-theorem in §11.
Main Theorem 9.4. (The explicit Iwasawa decomposition of F4(−20)).
For any g ∈ F4(−20), there exist unique k(g) ∈ K, H(g) ∈ a, and
nI(g) ∈ N+ such that
g = k(expH(g))nI(g)
where
H(g) = 2−1 log
(−(gP−|E1))A˜13(1) ∈ a,(i)
nI(g) = exp
(
G1
(
2−1
(∑
7
i=0(gQ
+(ei)|E1)ei
)
/(gP−|E1)
)
(ii)
+ G2
(
−2−1(∑ 7i=1(gF 13 (ei)|E1)ei)/(gP−|E1))
)
∈ N+,
k(g) = gnI(g)
−1 exp(−H(g)) ∈ K.(iii)
We define the equivalence relation ∼ on N−1 by
X ∼ Y def⇔ Y = rX for some r > 0
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where X, Y ∈ N−1 . We denote the quotient set
F := N−1 / ∼,
and the equivalence class of X ∈ N−1 by [X]. From (9.7), F4(−20) acts
on F :
g[X] := [gX] for g ∈ F4(−20) and X ∈ N−1 .
We will prove the following theorem in §11.
Theorem 9.5.
(F4(−20))[P−] = MAN+.(1)
F4(−20)/MAN+ ' F .(2)
F = K · [P−].(3)
F ' Spin(9)/Spin(7).(4)
Since rX ∈ N−1 for all r > 0 and X ∈ N−1 , N−1 is a cone in J 1.
Setting −N+1 := {−X| X ∈ N+1 }, we see that N−1 = −N+1 from the
definitions of N+1 and N−1 , and that σP− = −P+. And noting that
F = N−1 / ∼, (9.3), and F ' S15 (see Proposition 11.2), we draw the
following figure.
We will prove the following main-theorem in §12.
Main Theorem 9.6. (The explicit K−Iwasawa decomposition of
F4(−20)).
KAN
+ = {g ∈ F4(−20)| (gP−|E2) 6= 0}
= {g ∈ F4(−20)| (gP−|E2) > 0}.
Furthermore, the submanifold KAN
+ is open dense in F4(−20).
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For any g ∈ KAN+, there exist unique k(g) ∈ K, H(g) ∈ a, and
n(g) ∈ N+ such that
g = k(expH(g))n(g)
where
H(g) = 2
−1 log
(
(gP−|E2)
)
A˜13(1) ∈ a,(i)
n(g) = exp
(
G1
(
2−1
(∑
7
i=0(gQ
+(ei)|E2)ei
)
/(gP−|E2)
)
(ii)
+G2
(
−2−1(∑ 7i=1(gF 13 (ei)|E2)ei)/(gP−|E2))
)
∈ N+,
k(g) = gn(g)
−1 exp(−H(g)).(iii)
We denote the elements P−12, P
−
13 ∈ J 1 by P−12 := h1(−1, 1, 0; 0, 0, 1) =
P− and P−13 := h
1(−1, 0, 1; 0, 1, 0), respectively. We will prove the
following theorems in §13.
Theorem 9.7. F decomposes into the following two K-orbits:
F =
∐
3
i=2K · [P−1i ]
where
K · [P−12] = {[X] ∈ F| (X|E2) 6= 0} = {[X] ∈ F| (X|E2) > 0},
K · [P−13] = {[X] ∈ F| (X|E2) = 0}.
Main Theorem 9.8. (The explicit Matsuki decomposition of F4(−20)).
F4(−20) = KMAN+
∐
K exp
(
−2−1piA˜11(1)
)
MAN+
where KMAN
+ = KAN
+ and
K exp
(
−2−1piA˜11(1)
)
MAN+ = {g ∈ F4(−20)| (gP−|E2) = 0}.
Theorems 9.7 and 9.8 are special cases of general theory [10, Theo-
rems 1-Corollary and 3].
Since the Bruhat decomposition is associated with the N−-orbits on
F4(−20)/MAN+, we will show the following theorem in §14.
Theorem 9.9. F decomposes into the following two N−-orbits:
F = N− · [P−]
∐
N− · [σP−]
where
N− · [P−] = {[X] ∈ F| (X|σP−) > 0} = {[X] ∈ F| (X|σP−) 6= 0},
N− · [σP−] = {[X] ∈ F| (X|σP−) = 0} = {[σP−]}.
We will prove the following main-theorem in §14.
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Main Theorem 9.10. (1) (The explicit Bruhat decomposition of
F4(−20)).
F4(−20) = N−MAN+
∐
σMAN+
where
N−MAN+ = {g ∈ F4(−20)| (gP−|σP−) 6= 0}
= {g ∈ F4(−20)| (gP−|σP−) > 0},
σMAN+ = N−σMAN+
= {g ∈ F4(−20)| (gP−|σP−) = 0}
= {g ∈ F4(−20)| g[P−] = [σP−]}.
Furthermore, the submanifold N−MAN+ is open dense in F4(−20).
(2) (The explicit Gauss decomposition of F4(−20)).
For any g ∈ N−MAN+, there exist unique n−G(g) ∈ N−, mG(g) ∈ M ,
aG(g) ∈ A, and n+G(g) ∈ N+ such that
g = n−G(g)mG(g)aG(g)n
+
G(g)
where
aG(g) = exp
(
2−1 log
(
4−1(gP−|σP−))A˜13(1)) ∈ A,(i)
n−G(g) = exp
(
G−1
(
−2−1(∑ 7i=0(Q−(ei)|gP−)ei)/(gP−|σP−))(ii)
+G−2
(
−2−1(∑ 7i=1(F 13 (ei)|gP−)ei)/(gP−|σP−))
)
∈ N−,
n+G(g) = nI(n
−
G(g)
−1g) ∈ N+,(iii)
mG(g) = n
−
G(g)
−1gn+G(g)
−1aG(g)−1 ∈M.(iv)
Here nI : F4(−20) → N+ is the map used in the Iwasawa decomposition.
Remark 9.11. In Main Theorems 9.4, 9.6, 9.8, and 9.10, it appears
that the Iwasawa decomposition, the K−Iwasawa decomposition, the
Matsuki decomposition, and the Bruhat and Gauss decompositions of
F4(−20) can be explicitly described by using the geometric quantities
(gP−|E1), (gP−|E2), and (gP−|σP−) with g ∈ F4(−20).
Remark 9.12. The Iwasawa decomposition of the exceptional Lie
group F4(−20) has been studied by R. Takahashi [18, Theorem 1]. He
showed that AN+ transitively and freely acts on the hyperbolic plane
H = F4(−20)/K. Thereby, he gave the existence and uniqueness of the
factors of the Iwasawa decomposition for F4(−20). In Main-Theorem
9.4, we give explicit formulas of H(g) and nI(g).
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10. Preliminaries.
If X =
∑3
i=1(ξiEi + F
1
i (xi)) ∈ J 1, then we denote (X)Ei := ξi ∈ R
and (X)F 1i = xi ∈ O. Set F 13 (ImO) := {F 13 (p)| p ∈ ImO}, Q+(O) :=
{Q+(x)| x ∈ O}, and Q−(O) := {Q−(x)| x ∈ O} in J 1. Then
J 1 = R(−E1 + E2)⊕ RP− ⊕ RE ⊕ RE3 ⊕ F 13 (ImO)(10.1)
⊕Q+(O)⊕Q−(O).
So, for any X ∈ J 1, we can uniquely write
X = r(−E1 + E2) + sP− + uE + vE3 + F 13 (p) +Q+(x) +Q−(y)
=
−r − s+ u √−1(s+ p) √−1(x− y)√−1(s− p) r + s+ u x+ y√−1(x− y) x+ y u+ v

with r, s, u, v ∈ R, p ∈ ImO, and x, y ∈ O, and set
{X}−E1+E2 := r, {X}P− := s, {X}E := u, {X}E3 := v,
{X}ImF 13 := p, {X}Q+ := x, {X}Q− := y.
Lemma 10.1.
{X}−E1+E2 = 2−1(P−|X).(1)
{X}Q− = 2−1((X)F 11 − (X)F 12 ) = 4−1
∑
7
i=0(Q
+(ei)|X)ei.(2)
{X}ImF 13 = Im((X)F 13 ) = −2−1
∑
7
i=1(F
1
3 (ei)|X)ei.(3)
Proof. Let X = r(−E1+E2)+sP−+uE+vE3+F 13 (p)+Q+(x)+Q−(y)
with r, s, u, v ∈ R, p ∈ ImO, and x, y ∈ O. Then (P−|X) = 2r,
and so (1) follows. Because of (X)F 11 = x + y and (X)F 12 = x − y,
{X}Q− = y = 2−1((X)F 11 − (X)F 12 ). Now, set (X)F 11 =
∑7
i=0 piei and
(X)F 12 =
∑7
i=0 qiei with pi, qi ∈ R. From (9.1), pi = 2−1(F 11 (ei)|X) and
qi = −2−1(F 12 (ei)|X). Then (X)F 11 − (X)F 12 = 2−1
∑
7
i=0(Q
+(ei)|X)ei,
and so (2) follows. Last, obviously {X}ImF 13 = p = Im((X)F 13 ). Set
(X)F 13 =
∑7
i=0 riei with ri ∈ R. From (9.1), ri = −2−1(F 13 (ei)|X), and
so (3) follows. 
We denote J 1(2;K) := {ξ1E1 + ξ2E2 +F 13 (x) | ξi ∈ R, x ∈ K} with
K = O or R.
Lemma 10.2.
J 1 =J 1(2;O)⊕ RE3 ⊕Q+(O)⊕Q−(O).(1)
J 1(2;O) =R(−E1 + E2)⊕ RP− ⊕ R(E − E3)⊕ F 13 (ImO).(2)
J 1(2;R) =R(−E1 + E2)⊕ RP− ⊕ R(E − E3).(3)
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Let p, q ∈ ImO and x, y ∈ O. From [13, Lemma 7.11],
(10.2)
(i) expG2(p)(−E1 + E2) = (−E1 + E2) + F 13 (−2p) + 2(p|p)P−,
(ii) expG2(p)P− = P−, (iii) expG2(p)E = E,
(iv) expG2(p)E3 = E3,
(v) expG2(p)F 13 (q) = F 13 (q)− 2(p|q)P−,
(vi) expG2(p)Q+(y) = Q+(y),
(vii) expG2(p)Q−(y) = Q−(y) +Q+(−2py),
(10.3)
(i) expG1(x)(−E1 + E2) = (−E1 + E2) +Q−(−x)
−(x|x)(E − 3E3) +Q+ ((x|x)x) + 2−1(x|x)2P−,
(ii) expG1(x)P− = P−, (iii) expG1(x)E = E,
(iv) expG1(x)E3 = E3 +Q+(x) + (x|x)P−,
(v) expG1(x)F 13 (q) = F 13 (q) +Q+(−qx),
(vi) expG1(x)Q+(y) = Q+(y) + 2(x|y)P−,
(vii) expG1(x)Q−(y) = Q−(y) + 2(x|y)(E − 3E3) + F 13 (2Im(xy))
+Q+ (−3(x|y)x− Im(xy)x)− 2(x|y)(x|x)P−.
We denote the subset R1 of J 1 by R1 := {X ∈ J 1| X×2 = 0, X 6=
0}, and call R1 the set of rank 1. Then R1 contains the exceptional
hyperbolic planes H, H′ and the exceptional null cones N+1 , N−1 . Since
the action of F4(−20) preserves the cross product, F4(−20) acts on R1.
For any subset S ⊂ J 1 and Z ∈ J 1, we denote
SZ>0 := {X ∈ S| (Z|X) > 0}, SZ<0 := {X ∈ S| (Z|X) < 0},
SZ=0 := {X ∈ S| (Z|X) = 0}, SZ6=0 := {X ∈ S| (Z|X) 6= 0}.
We recall Lemma 10.1. For any X ∈ (J 1)P−6=0 , we define the elements
n1(X) ∈ exp gα ⊂ N+ and n2(X) ∈ exp g2α ⊂ N+ by
n1(X) := expG1({X}Q−/{X}−E1+E2)
= expG1
(
2−1
(∑
7
i=0(Q
+(ei)|X)ei
)
/(P−|X)
)
,
n2(X) := expG2
(
{X}ImF 13 /(P−|X)
)
= expG2
(
−2−1(∑ 7i=1(F 13 (ei)|X)ei)/(P−|X))
respectively, and nX := n1(X)n2(X) = n2(X)n1(X) ∈ N+ (see (9.15)).
Lemma 10.3. (1) For any n ∈ N+ and X ∈ J 1, (P−|nX) = (P−|X).
Especially, N+ acts on (J 1)P−6=0 and (R1)P−6=0 , respectively.
(2) For any X ∈ (J 1)P−6=0 ,
n1(X)X ∈ (J 1(2;O)⊕ RE3 ⊕Q+(O)) ∩ (J 1)P−6=0 ,(i)
{n1(X)X}ImF 13 = {X}ImF 13 .(ii)
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(3) If X ∈ J 1(2;O) ∩ (J 1)P−6=0 , then
n2(X)X ∈ J 1(2;R) ∩ (J 1)P−6=0 .
Proof. (1) From (9.19), (P−|nX) = (n−1P−|X) = (P−|X) and so on.
(2) Let X = r(−E1 +E2)+sP−+uE+vE3 +F 13 (p)+Q+(x)+Q−(y)
for some r, s, u, v ∈ R, p ∈ ImO, and x, y ∈ O. From Lemma 10.1(1),
r 6= 0 and put n′1 = n1(X) = expG1(r−1y). In (10.3), we notice that the
equations (10.3)(i) and (10.3)(vii) have terms of Q−(·) and the other
equations have not terms of Q−(·), and that the equations (10.3)(v)
and (10.3)(vii) have terms of F 13 (·) and the other equations have not
terms of F 13 (·). Therefore
{n′1 ·X}Q− = {n′1 · (r(−E1 + E2) +Q−(y) + (other terms))}Q−
= −r(r−1y) + y + 0 = 0.
Thus {n1(X)X}Q− = 0, so that n1(X)X ∈ J 1(2;O)⊕ RE3 ⊕Q+(O).
Then (P−|n′1 ·X) = (P−|X) 6= 0 by (1), and
{n′1 ·X}ImF 13 = {n′1 · (F 13 (p) +Q−(y) + (other terms))}ImF 13
= p+ 2Im
(
(r−1y)y
)
+ 0 = p = {X}ImF 13 .
Hence we obtain (2).
(3) Let X = r(−E1 + E2) + sP− + u(E − E3) + F 13 (p) for some
r, s, u ∈ R and p ∈ ImO. From Lemma 10.1(1), r 6= 0 and put n′2 =
n2(X) = expG2((2r)−1p). Using (10.2), we calculate that
n′2 ·X = r(−E1 + E2) + (s− (2r)−1(p|p))P− + u(E − E3).
Then n′2 · X ∈ J 1(2;R), and (P−|n′2 · X) = (P−|X) 6= 0. Hence we
obtain (3). 
Lemma 10.4.(J 1(2;O)⊕ RE3 ⊕Q+(O)) ∩ (R1)P−6=0 = J 1(2;O) ∩ (R1)P−6=0 .
Proof. Obviously, J 1(2;O) ∩ (R1)P−6=0 ⊂ (J 1(2;O)⊕ RE3 ⊕ Q+(O)) ∩
(R1)P−6=0 . Conversely, take X ∈ (J 1(2;O) ⊕ RE3 ⊕ Q+(O)) ∩ (R1)P−6=0
and set X = ξ1E1 + ξ2E2 + ξ3E3 + F
1
1 (x) + F
1
2 (x) + F
1
3 (y) with ξi ∈ R
and x, y ∈ O. Suppose that ξ3 6= 0. Because of X ∈ P and (9.2),
(i) ξ2ξ3 − (x|x) = (X×2)E1 = 0, (ii) ξ3ξ1 + (x|x) = (X×2)E2 = 0,
(iii) (x|x)− ξ3y = (X×2)F 13 = 0.
From (i), (ii), and (iii), X = − ((x|x)/ξ3)E1 + ((x|x)/ξ3)E2 + ηE3 +
F 11 (x) + F
1
2 (x) + F
1
3 ((x|x)/ξ3). Then (P−|X) = 0, and it contradicts
with X ∈ (R1)P−6=0 . Thus ξ3 = 0. Then (x|x) = (X×2)E2 = 0, so that
x = 0. Thus X = ξ1E1 + ξ2E2 + F
1
3 (y) ∈ J 1(2;O) ∩ (R1)P−6=0 , and so
(J 1(2;O)⊕RE3⊕Q+(O))∩ (R1)P−6=0 ⊂ J 1(2;O)∩ (R1)P−6=0 . Hence the
result follows. 
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Lemma 10.5. For any X ∈ (R1)P−6=0 , nXX ∈ J 1(2;R)∩ (R1)P−6=0 . Fur-
ther,
nXX = 4
−1(2tr(X)− (P−|X)−1tr(X)2 − (P−|X))E1
+ 4−1(2tr(X) + (P−|X)−1tr(X)2 + (P−|X))E2
+ F 13
(
4−1((P−|X)−1tr(X)2 − (P−|X)))
= 2−1(P−|X)(−E1 + E2) + 4−1((P−|X)−1tr(X)2 − (P−|X))P−
+ 2−1tr(X)(E − E3).
Proof. N+ acts on (R1)P−6=0 , and ni(X) ∈ N+. Put X ′ = n1(X)X ∈
(R1)P−6=0 . By Lemma 10.3(2),
X ′ ∈ (J (2;O)⊕ RE3 ⊕Q+(O)) ∩ (R1)P−6=0
where (P−|X ′) = (P−|X) 6= 0 and {X ′}ImF 13 = {X}ImF 13 . Applying
Lemma 10.4.
X ′ ∈ J (2;O) ∩ (R1)P−6=0 .
Applying Lemma 10.3(3),
n2(X
′)X ′ ∈ J 1(2;R) ∩ (R1)P−6=0 .
Then, since expG2({X}ImF 13 /(P−|X)) = expG2({X ′}ImF 13 /(P−|X ′)),
we see n2(X) = n2(X
′). Therefore
nXX = n2(X)n1(X)X = n2(X
′)X ′ ∈ J 1(2;R) ∩ (R1)P−6=0 .
Set nXX = ξ1E1 +ξ2E2 +F
1
3 (x) ∈ J 1(2;R)∩(R1)P−6=0 with ξ1, ξ2, x ∈ R.
Then tr(X) = ξ1+ξ2 and (0 6=)(P−|X) = (P−|nXX) = −ξ1+ξ2−2x, so
that ξ1 = 2
−1tr(X)−x−2−1(P−|X) and ξ2 = 2−1tr(X)+x+2−1(P−|X).
From (nXX)
×2 = 0, 0 = ((nXX)×2)E3 = ξ1ξ2 + x
2 = 4−1tr(X)2 −
4−1(P−|X)2 − x(P−|X). Thus x = 4−1((P−|X)−1tr(X)2 − (P−|X)),
ξ1 = 4
−1(2tr(X)− (P−|X)−1tr(X)2− (P−|X)), and ξ2 = 4−1(2tr(X) +
(P−|X)−1tr(X)2 + (P−|X)). Moreover, the last equation follows from
direct calculations. 
Let i ∈ {1, 2, 3}, t ∈ R, and a ∈ O with (a|a) = 1. From [13,
Lemma 3.10], we recall the operation of exp
(
tA˜1i (a)
)
. Set
h1(η1, η2, η3; y1, y2, y3) := exp
(
tA˜1i (a)
)
h1(ξ1, ξ2, ξ3;x1, x2, x3)
with ξi, ηi ∈ R and xi, yi ∈ O. When i = 1,
(10.4)

η1 = ξ1,
η2 = 2
−1((ξ2 + ξ3) + (ξ2 − ξ3) cos 2t) + (a|x1) sin 2t,
η3 = 2
−1((ξ2 + ξ3)− (ξ2 − ξ3) cos 2t)− (a|x1) sin 2t,
y1 = x1 − 2−1(ξ2 − ξ3)a sin 2t− 2(a|x1)a sin2 t,
y2 = x2 cos t− x3a sin t,
y3 = x3 cos t+ ax2 sin t
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and when i ∈ {2, 3},
(10.5)
ηi = ξi,
ηi+1 = 2
−1((ξi+1 + ξi+2) + (ξi+1 − ξi+2) cosh 2t)− (a|xi) sinh 2t,
ηi+2 = 2
−1((ξi+1 + ξi+2)− (ξi+1 − ξi+2) cosh 2t) + (a|xi) sinh 2t,
yi = xi − 2−1(ξi+1 − ξi+2)a sinh 2t+ 2(a|xi)a sinh2 t.
yi+1 = xi+1 cosh t+ xi+2a sinh t,
yi+2 = xi+2 cosh t+ axi sinh t
where indexes i, i+ 1, i+ 2 are counted modulo 3. In particular,
(10.6)
exp(2−1piA˜11(1))h
1(ξ1, ξ2, ξ3;x1, x2, x3) = h
1(ξ1, ξ3, ξ2;−x1,−x3, x2)
with ξi ∈ R and xi ∈ O. Using (10.5), we have the following lemma.
Lemma 10.6. Let t ∈ R.
at(r(−E1 + E2) + sP− + u(E − E3))
=re−2t(−E1 + E2) + (r sinh 2t+ se2t)P− + u(E − E3)
where r, s, u ∈ R.
Lemma 10.7. For any m ∈M , t ∈ R, and n ∈ N+,
matnP
− = e2tP−.
Furthermore, A ∩MN+ = {1} and M ∩ AN+ = {1}.
Proof. From (9.19) and Lemma 10.6, matnP
− = e2tP−. Suppose at =
mn for some t ∈ R, m ∈ M , and n ∈ N+. From the above equation
and (9.19), e2tP− = atP− = mnP− = P−. Thus t = 0, and A ∩
MN+ = {1}. Similarly, suppose m = atn for some m ∈ M , t ∈ R,
and n ∈ N+. Then P− = mP− = atnP− = e2tP−. Thus t = 0, and
M ∩ AN+ = {1}. 
Lemma 10.8. (F4(−20))σP− = MN−.
Proof. Because of M ⊂ K = (F4(−20))σ˜, σM = Mσ. Using (9.19),
(F4(−20))σP− = σ(F4(−20))P−σ−1 = σMN+σ−1 = Mσ˜(N+) = MN−.

Lemma 10.9. (1) For any t ∈ R, x ∈ O, and p ∈ ImO,
at(G1(x) + G2(p))a−1t = G1(etx) + G2(e2tp).
(2) AN+ = N+A. Furthermore, AN+ is a subgroup of F4(−20).
(3) MAN+ is a subgroup of F4(−20).
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Proof. (1) Set T (t) ∈ GLR(f4(−20)) and adA˜13(1) ∈ EndR(f4(−20)) as
T (t)φ := at φ a
−1
t and adA˜13(1)φ := [A˜
1
3(1), φ] for φ ∈ f4(−20), re-
spectively. Then T (t) = exp(t adA˜13(1)), and using (9.13) and (9.14),
T (t)G1(x) = (
∑
(t adA˜13(1))
n/n!)G1(x) = G1 ((
∑
(1/n!)tn)x) = G1(etx)
and T (t)G2(p) = (
∑
(t adA˜13(1))
n/n!)G2(p) = G1 ((
∑
(1/n!)(2t)n)p) =
G2(e2tp). Thus we obtain (1).
(2) From (1), atn = atna
−1
t at = exp
(
at(G1(x) + G2(p))a−1t
)
at =
exp(G1(etx) + G2(e2tp))at and nat = ata−1t nat = at exp(G1(e−tx) +
G2(e−2tp)). This implies that AN+ = NA+. Therefore (atn)−1(asn′) ∈
AN+ for all s, t ∈ R and n, n′ ∈ N+, so that AN+ is a subgroup.
(3) Because of (9.10), MN+ = N+M , and AN+ = N+A, we get
(matn)
−1(m′asn′) ∈ MAN+ for all m,m′ ∈ M , s, t ∈ R, and n, n′ ∈
N+. Thus MAN+ is a subgroup of F4(−20). 
Lemma 10.10. Let k ∈ K, k ∈ K, m ∈ M , t ∈ R, n ∈ N+, and
z ∈ N−.
(katnP
−|E1) = −e2t.(1)
(katnP
−|E2) = e2t.(2)
(zmatnP
−|σP−) = 4e2t.(3)
Proof. From (9.8), (9.20), Lemmas 10.7 and 10.8, it follows that
(katnP
−|E1) = (atnP−|k−1E1) = e2t(P−|E1) = −e2t,
(katnP
−|E2) = (atnP−|k−1 E2) = e2t(P−|E2) = e2t,
(zmatnP
−|σP−) = (matnP−|z−1σP−) = e2t(P−|σP−) = 4e2t.

Lemma 10.11. M = (F4(−20))P−,Ej = (F4(−20))P−,σP− with j ∈ {1, 2}.
Proof. If j = 1 then k = 2, and if j = 2 then k = 1. Note P− = −E1 +
E2 +F
1
3 (1), σP
− = −E1 +E2 +F 13 (−1), and M = (F4(−20))E1,E2,E3,F 13 (1).
Obviously, M ⊂ (F4(−20))P−,Ej . Conversely, fix g ∈ (F4(−20))Ej ,P− .
Now ((−1)j+1Ej + P−)×2 = E3. Then gE3 = g((−1)j+1Ej + P−)×2 =
(g((−1)j+1Ej + P−))×2 = E3, and gEk = g(E − Ej − E3) = E −
Ej − E3 = Ek. Therefore gEi = Ei for all i ∈ {1, 2, 3}, and gF 13 (1) =
g(P+ + E1 − E2) = P− + E1 − E2 = F 13 (1). Then g ∈ M , so that
(F4(−20))P−,Ej ⊂M . Thus M = (F4(−20))P−,Ej .
Obviously M ⊂ (F4(−20))P−,σP− . Conversely, fix g ∈ (F4(−20))P−,σP− .
Because of −E1 +E2 = 2−1(P−−σP−), (−E1 +E2)×2 = −E3, F 13 (1) =
P−− (−E1 +E2), E1 = 2−1(E− (−E1 +E2)−E3), and E2 = 2−1(E+
(−E1 + E2) − E3), we sequentially get g(−E1 + E2) = −E1 + E2,
gE3 = E3, gF
1
3 (1) = F
1
3 (1), gE1 = E1, and gE2 = E2. Thus g ∈ M ,
and so (F4(−20))P−,σP− ⊂M . Hence M = (F4(−20))P−,σP− . 
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Lemma 10.12. Let K ′ = K or K.
D4 ∩N± = {1} (resp),(1)
K ′ ∩ AN+ = {1},(2)
N− ∩MAN+ = {1}.(3)
Proof. (1) Fix n ∈ D4 ∩N+. Then n ∈ D4 ⊂ (F4(−20))E3,−E1+E2 . Now,
n = expG1(x) expG2(p) for some x ∈ O and p ∈ ImO. Using (10.2)
and (10.3), E3 = nE3 = expG1(x)E3 = E3 + Q+(x) + (x|x)P−. Then
x = 0 by (10.1). Therefore from (10.2), −E1 + E2 = n(−E1 + E2) =
expG2(p)(−E1 +E2) = (−E1 +E2) +F 13 (−2p) + (p|p)P−. Then p = 0.
Thus n = 1, and D4 ∩ N+ = {1}. Because of D4 ⊂ K = (F4(−20))σ˜,
σ˜(D4) = D4. Then from σ˜(N
+) = N−, D4 ∩N− = σ˜(D4 ∩N+) = {1}.
(2) Take j = 1 if K ′ = K, and j = 2 if K ′ = K. Suppose k′ = atn
for some k ∈ K ′, t ∈ R, and n ∈ N+. Using Lemma 10.10(1)(2), (9.8),
and (9.20), (−1)je2t = (atnP−|Ej) = (P−|k′−1Ej) = (P−|Ej) = (−1)j.
Therefore t = 0, and K ′ ∩ AN+ ⊂ K ′ ∩N+. Next, using (9.8), (9.20),
and (9.19), K ′ ∩ N+ ⊂ (F4(−20))Ej ,P− , and from Lemma 10.11, K ′ ∩
N+ ⊂ (F4(−20))Ej ,P− ∩ N+ = M ∩ N+. Therefore because of M ⊂ D4
and (1), {1} ⊂ K ′ ∩ AN+ ⊂ K ′ ∩ N+ ⊂ M ∩ N+ ⊂ D4 ∩ N+ = {1}.
Hence K ′ ∩ AN+ = {1}.
(3) Suppose z = matn for some z ∈ N−, m ∈ M , t ∈ R, and
n ∈ N+. Using Lemmas 10.10(3) and 10.8, 4e2t = (matnP−|σP−) =
(P−|z−1σP−) = (P−|σP−) = 4. Therefore t = 0, so that N− ∩
MAN+ ⊂ N− ∩ MN+. Next, using (9.19) and Lemma 10.8, N− ∩
MN+ ⊂ (F4(−20))P−,σP− , and from Lemma 10.11, N− ∩ MN+ ⊂
N− ∩ (F4(−20))P−,σP− = N− ∩M . Therefore because of M ⊂ D4 and
(1), {1} ⊂ N− ∩MAN+ ⊂ N− ∩MN+ ⊂M ∩N− ⊂ D4 ∩N− = {1}.
Hence N− ∩MAN+ = {1}. 
Lemma 10.13. (1) If katn = k
′asn′ with k, k′ ∈ K, t, s ∈ R, and
n, n′ ∈ N+ then k = k′, t = s, and n = n′.
(2) If katn = k
′
asn
′ with k, k′ ∈ K, t, s ∈ R, and n, n′ ∈ N+ then
k = k
′
, t = s, and n = n
′.
(3) If zmatn = z
′m′asn′ with z, z′ ∈ N−, m,m′ ∈ M , t, s ∈ R, and
n, n′ ∈ N+ then z = z′, m = m′, t = s, and n = n′.
Proof. (1) From Lemma 10.9(2), (asn
′)(atn)−1 ∈ AN+, so that k′−1k =
(asn
′)(atn)−1 ∈ K ∩ AN+. Using Lemma 10.12(2), k = k′ and atn =
asn
′. Next, because of a−1s at = nn
′−1 ∈ A∩N+ and Lemma 10.7, at =
as ⇔ t = s and n = n′. Hence we obtain (1). Similarly, substituting
K for K, we obtain (2).
(3) By Lemma 10.9(3), (m′asn′)(matn)−1 ∈MAN+, so that z′−1z =
(m′asn′)(matn)−1 ∈ N− ∩ MAN+. Using Lemma 10.12(3), z = z′
and matn = m
′asn′. Next, by Lemma 10.9(2), (asn′)(atn)−1 ∈ AN+,
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so that m′−1m = (asn′)(atn)−1 ∈ M ∩ AN+. Using Lemma 10.7,
m = m′ and atn = asn′. Last, because of a−1s at = nn
′−1 ∈ A∩N+ and
Lemma 10.7, at = as ⇔ t = s and n = n′. Hence we obtain (3). 
Lemma 10.14. (1) For any X ∈ H and Y ∈ N−1 , (X|Y ) < 0.
(2) For any X ∈ H′ and Y ∈ N−1 , (X|Y ) ≥ 0.
(3) For any X, Y ∈ N−1 , (X|Y ) ≥ 0. Moreover, (X|Y ) = 0 if and only
if X = sY for some s > 0.
Proof. (1) Using (9.4), X = gE1 for some g ∈ F4(−20). Then from
(9.7), g−1Y ∈ N−1 , and from the definition of N−1 , we obtain that
(X|Y ) = (gE1|Y ) = (E1|g−1Y ) < 0.
(2) Suppose that c = (X|Y ) < 0. Using (9.5), X = gE2 for some
g ∈ F4(−20). Put Z = g−1Y . From (9.7), Z ∈ N−1 . Now, because of
c = (gE2|Y ) = (E2|Z), Z = h1(ξ1, c, ξ3;x1, x2, x3) for some ξi ∈ R and
xi ∈ O. Because of Z ∈ N−1 , ξ1 = (E1|Z) < 0 and ξ1c + (x3|x3) =
(Z×2)E3 = 0. Then 0 = ξ1c + (x3|x3) > 0, and it is a contradiction.
Thus c ≥ 0, and so (2) follows.
(3) Suppose that (X|Y ) < 0. Using (9.7), Y = gP− for some g ∈
F4(−20). Put Z = g−1X. From (9.7), Z ∈ N−1 . Set Z =
∑3
i=1(ηiEi +
F 1i (yi)) with ηi ∈ R and yi ∈ O, and put r = (y3|1). Then −η1 + η2 −
2r = (Z|P−) = (X|Y ) < 0. Because of Z ∈ N−1 , η1 = (E1|Z) < 0 and
η1η2 + (y3|y3) = (Z×2)E3 = 0. Then η1η2 = −(y3|y3) ≤ 0. Therefore
from η1 < 0, η2 ≥ 0, so that 2r > η2 − η1 > 0. Now, using Schwarz
inequality, r2 = (y3|1)2 ≤ (y3|y3)(1|1) = (y3|y3). Therefore because of
η1η2 + (y3|y3) = 0, 4r2 > (η2 − η1)2 = (η2 − η1)2 + 4
(
η1η2 + (y3|y3)
)
=
(η2 + η1)
2 + 4(y3|y3) ≥ (η2 + η1)2 + 4r2 ≥ 4r2. It is a contradiction, and
so (X|Y ) ≥ 0.
If X = sY then (X|Y ) = 0. Conversely, suppose that (X|Y ) = 0.
Using (9.7), Y = gP− for some g ∈ F4(−20). Put Z = g−1X. From
(9.7), Z ∈ N−1 . Because of (Z|P−) = (X|Y ) = 0 and Lemma 10.1(1),
{Z}−E1+E2 = 0. Then by (10.1), Z = sP−+uE+vE3+F 13 (p)+Q+(x)+
Q−(y) for some u, v ∈ R, p ∈ ImO, and x, y ∈ O. Setting z = x + y
and w = x− y, Z = sP− + uE + vE3 + F 13 (p) + F 11 (z) + F 12 (w). Now,
because of Z ∈ N−1 , u2 + (p|p) = (Z×2)E3 = 0 and 3u+ v = tr(Z) = 0.
Then u = p = v = 0, and Z = sP− + F 11 (z) + F
1
2 (w). Again, because
of Z ∈ N−1 , −s = (Z|E1) < 0, −(z|z) = (Z×2)E1 = 0, and (w|w) =
(Z×2)E2 = 0. Thus Z = sP
− with s > 0. Therefore, multiplying g
from left, X = sY . Hence we obtain (3). 
Lemma 10.15. (1) H = HP−<0 = HP−6=0 .
(2) H′ = H′P−>0
∐H′P−=0 . Especially, H′P−>0 = H′P−6=0 .
(3) N−1 = (N−1 )E1<0 = (N−1 )E16=0.
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(4) N−1 = (N−1 )E2>0
∐
(N−1 )E2=0. Especially, (N−1 )E2>0 = (N−1 )E26=0.
(5) N−1 = (N−1 )σP−>0
∐
(N−1 )σP−=0 . Especially, (N−1 )σP−>0 = (N−1 )σP−6=0 .
Furthermore, (N−1 )σP−=0 = {s(σP−)| s > 0}.
Proof. (1) Because of P− ∈ N−1 and Lemma 10.14(1), (X|P−) < 0 for
all X ∈ H, and so (1) follows.
(2) Because of P− ∈ N−1 and Lemma 10.14(2), (X|P−) ≥ 0 for all
X ∈ H′, and so (2) follows.
(3) Because of E1 ∈ H and Lemma 10.14(1), (X|E1) < 0 for all
X ∈ N−1 , and so (3) follows.
(4) Because of E2 ∈ H′ and Lemma 10.14(2), (X|E2) ≥ 0 for all
X ∈ N−1 , and so (4) follows.
(5) Because of σP− ∈ N−1 and Lemma 10.14(3), we obtain that
(X|σP−) ≥ 0 for all X ∈ N−1 , and that X ∈ N−1 and (X|σP−) = 0 if
and only if X = s(σP−) for some s > 0. Thus (5) follows. 
Lemma 10.16. For X, Y ∈ J 1, let DX,Y = {g ∈ F4(−20)| (gX|Y ) =
0}. Assume that there exists g0 ∈ F4(−20) such that (g0X|Y ) 6= 0. Then
DX,Y has no interior points in F4(−20). Furthermore, the complement
set (DX,Y )c of DX,Y is an open dense submanifold of F4(−20).
Proof. Set the function f(g) = (gX|Y ) for g ∈ F4(−20). Note that
F4(−20) is a connected real analytic manifold, and that f is a real an-
alytic function. Therefore, if the set f−1(0) has some interior points
then f ≡ 0 on F4(−20). Since f(g0) 6= 0 for some g0 ∈ F4(−20), f−1(0)
has no interior points. Therefore (DX,Y )c is dense, and since DX,Y is a
closed set, (DX,Y )c is an open set. 
Lemma 10.17. The equations (9.3) hold.
Proof. Put S0 = {X ∈ H| (X|E1) = 1}. Obviously, {E1} ⊂ S0.
Fix X ∈ S0. Because of tr(X) = 1 and (X|E1) = 1, we can write
X = h1(1, ξ,−ξ;x1, x2, x3) for some ξ ∈ R and xi ∈ O. Because of
X×2 = 0, −ξ2 − (x1|x1) = (X×2)E1 = 0, so that ξ = x1 = 0. Then
(xi|xi) = (X×2)Ei = 0 for i ∈ {2, 3}, so that xi = 0. Thus X = E1,
and so (9.3)(i) follows.
Put S1 = {X ∈ H′| (X|E1) = 0}, and S2 = {h1(0, 1/2 − ξ, 1/2 +
ξ;x, 0, 0) ∈ J 1| ξ2 + (x|x) = 1/4}. Taking x = 0 and ξ = ±1/2, we
see {E2, E3} ⊂ S2. From direct calculations, S2 ⊂ S1. Conversely,
fix X ∈ S1. Because of tr(X) = 1 and (X|E1) = 0, we can write
X = h1(0, 1/2 + ξ, 1/2 − ξ;x1, x2, x3) for some ξ ∈ R and xi ∈ O.
Then 1/4 − ξ2 − (x1|x1) = (X×2)E1 = 0 and (xi|xi) = (X×2)Ei = 0
with i ∈ {2, 3}. Therefore X = h1(0, 1/2 + ξ, 1/2 − ξ;x1, 0, 0) with
ξ2 + (x1|x1) = 1/4, and X ∈ S2. Thus S1 ⊂ S2, and so S1 = S2. 
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11. The Iwasawa decomposition of F4(−20).
Because of H ' F4(−20)/K, we consider AN+-orbits on H to give the
Iwasawa decomposition of F4(−20).
Lemma 11.1. For all X ∈ H,
a2−1 log(−(P−|X))nXX = E1.
Proof. Put t = 2−1 log(−(P−|X)). By Lemma 10.15(1), H = HP−<0 =
HP−6=0 ⊂ (R1)P−6=0 . Then (P−|X) < 0, and log(−(P−|X)) is well-defined.
Using tr(X) = 1 and Lemma 10.5, nXX = r(−E1 + E2) + sP− +
2−1(E −E3) where r = 2−1(P−|X) and s = 4−1((P−|X)−1− (P−|X)).
Because of re−2t = −2−1, r sinh 2t+ se2t = 0, and Lemma 10.6, we get
atnXX = −2−1(−E1 + E2) + 2−1(E1 + E2) = E1. 
Proof of Main-Theorem 9.4. Using (9.4), g−1E1 ∈ H. Then using
Lemma 11.1 and a2−1 log(−(gP−|E1)) = a2−1 log(−(P−|g−1E1)),
a2−1 log(−(gP−|E1))ng−1E1g
−1E1 = E1.
Put k = a2−1 log(−(gP−|E1))ng−1E1g
−1. Then k ∈ (F4(−20))E1 = K by
(9.8), and
g = k−1a2−1 log(−(gP−|E1))ng−1E1 ∈ KAN+.
Set H(g) = 2−1 log(−(gP−|E1))A˜13(1) ∈ a, nI(g) = ng−1E1 ∈ N+, and
k(g) = k−1 ∈ K, respectively. Then g = k(g) exp(H(g))nI(g), and it
follows from Lemma 10.13(1) that H(g), nI(g), and k(g) are uniquely
determined. Because of (P−|g−1E1) = (gP−|E1), (Q+(ei)|g−1E1) =
(gQ+(ei)|E1), and (F 13 (ei)|g−1E1) = (gF 13 (ei)|E1), we see
ng−1E1 = exp
(G1(2−1(∑ 7i=0(gQ+(ei)|E1)ei)/(gP−|E1))
+G2(−2−1(
∑
7
i=1(gF
1
3 (ei)|E1)ei)/(gP−|E1))
)
.
Moreover, k(g) = gnI(g)
−1 exp(−H(g)). Hence the result follows. 
Set D˜4 := {(g1, g2, g3) ∈ SO(8)3|(g1x)(g2y) = g3(xy) for x, y ∈ O}.
From [13, Lemma 3.2(1)], the following map ϕ0 : D˜4 → D4 is a
group isomorphism; ϕ0(g1, g2, g3)(
∑3
i=1(ξiEi +F
1
i (xi))) =
∑3
i=1(ξiEi +
F 1i (gixi)). From [13, (4.5)], for j ∈ {1, 2, 3} and X =
∑
3
i=1
(
ξiEi +
F 1i (xi)
)
, there exists g0 = ϕ0(g1, g2, g3) ∈ D4 such that
g0X =
(∑
3
i=1ξiEi
)
+ F 1j (r0) +
∑
2
k=1F
1
j+k(gj+kxj+k)(11.1)
with r0 =
√
(xj|xj) ∈ R
where the index j + k is counted modulo 3.
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Proof of Theorem 9.5. For all m ∈ M , t ∈ R, and n ∈ N+, us-
ing Lemma 10.7, matn[P
−] = [e2tP−] = [P−], so that MAN+ ⊂
(F4(−20))[P−]. Conversely, fix g ∈ (F4(−20))[P−]. Then gP− = sP−
for some s > 0. Because of F4(−20) = KAN+, g can be expressed
by g = katn with k ∈ K, t ∈ R, and n ∈ N+. From Lemma 10.7,
sP− = gP− = k(atnP−) = e2tkP−. Now, using Lemma 10.10(1),
−s = (sP−|E1) = (gP−|E1) = (katnP−|E1) = −e2t, so that s =
e2t. Then kP− = P−, and from (9.8) and Lemma 10.11, k ∈ K ∩
(F4(−20))P− = (F4(−20))E1,P− = M . Thus g = katn ∈ MAN+, and
(F4(−20))[P−] ⊂ MAN+. Hence (F4(−20))[P−] = MAN+, and it follows
from (9.7) and F = N−1 / ∼ that
F = F4(−20) · [P−] ' F4(−20)/(F4(−20))[P−] = F4(−20)/MAN+.
Next, let us show that K transitively acts on F . Obviously K acts
on F . Fix [X] ∈ F with X ∈ N−1 . Using [13, Lemma 5.2(4)], there
exists k1 ∈ K such that k1X = h1(−ξ, ξ, 0; 0, 0, x) where ξ > 0, x ∈ O,
and ξ2 − (x|x) = 0. Using (11.1), there exists k2 ∈ D4 ⊂ K such
that k2k1X = h
1(−ξ, ξ, 0; 0, 0, ξ) = ξP−. Thus k2k1[X] = [ξP−] =
[P−], and so F = K · [P−]. Last, from (F4(−20))[P−] = MAN+ and
Lemma 10.13(1), K[P−] = (F4(−20))[P−] ∩ K = (MAN+) ∩ K = M .
Thus from F = K · [P−], (9.8), and (9.11), it follows that
F ' K/K[P−] = K/M = Spin(9)/Spin(7).

We define the quadratic space (O2, Q) by the normal linear space
O2 = O × O and Q(x, y) := (x|x) + (y|y) for x, y ∈ O, and S15 :=
{(x, y) ∈ O2| Q(x, y) = 1}.
Proposition 11.2.
F ' S15.
Furthermore, K/M ' S15.
Proof. Set the map f : S15 → F as
f(x, y) := [h1(−1, (y|y), (x|x);xy, x, y)] for (x, y) ∈ S15.
Put X = h1(−1, (y|y), (x|x);xy, x, y). From direct calculations, we get
X ∈ N−1 . Therefore f is well-defined. On the other hand, the map
g : F → S15 set as
g([h1(ξ1, ξ2, ξ3;x1, x2, x3)]) := (−ξ−11 x2,−ξ−11 x3)
for h1(ξ1, ξ2, ξ3;x1, x2, x3) ∈ N−1 . Put X = h1(ξ1, ξ2, ξ3;x1, x2, x3), x =
−ξ−11 x2, and y = −ξ−11 x3, respectively. Because of ξ3ξ1 + (x2|x2) =
(X×2)E2 = 0, ξ1ξ2 + (x3|x3) = (X×2)E3 = 0, and ξ1 + ξ2 + ξ3 = tr(X) =
0, we get Q(x, y) = ξ−21 ((x2|x2) + (x3|x3)) = ξ−21 (−ξ3ξ1 − ξ1ξ2) =
ξ−11 (−ξ2 − ξ3) = ξ−11 ξ1 = 1. Therefore g is well-defined.
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Now, it follows that g ◦ f(x, y) = (x, y) for all (x, y) ∈ S15, so that
g ◦ f = id. On the other hand, fix X = h1(ξ1, ξ2, ξ3;x1, x2, x3) ∈ N−1 .
From −x2x3 − ξ1x1 = (X×2)F1 = 0, ξ1ξ2 + (x3|x3) = (X×2)E3 = 0,
and ξ3ξ1 + (x2|x2) = (X×2)E2 = 0, we get x1 = −ξ−11 (x2x3), ξ2 =
−ξ−11 (x3|x3), and ξ3 = −ξ−11 (x2|x2). Then because of F = N−1 / ∼ and
ξ1 = (X|E1) < 0, we see
f ◦ g([h1(ξ1, ξ2, ξ3;x1, x2, x3)])
=[h1(−1, ξ−21 (x3|x3), ξ−21 (x2|x2); ξ−21 (x2x3),−ξ−11 x2,−ξ−11 x3)]
=[h1(ξ1,−ξ−11 (x3|x3),−ξ−11 (x2|x2);−ξ−11 (x2x3), x2, x3)]
=[h1(ξ1, ξ2, ξ3;x1, x2, x3)].
Therefore f ◦ g = id. Hence F ' S15, and from Theorem 9.5(4),
K/M ' S15. 
Remark 11.3. I. Yokota has proved Spin(9)/Spin(7) ' S15 ([20, Ex-
ample 5.6], [19]) by realizing Spin(9) and Spin(7) as stabilizers of finite
points in the compact exceptional Lie group F4 := AutR(J ) where J
is an exceptional Jordan algebra, and showing that Spin(9) transitively
acts on S15 embed in J . In Proposition 11.2, we give the other proof
by using F = N−1 / ∼ where N−1 is an exceptional null cone.
12. The K−Iwasawa decomposition of F4(−20).
Because of H′ ' F4(−20)/K, we consider AN+-orbits on H′ to give
the K−Iwasawa decomposition of F4(−20).
Lemma 12.1. Assume that X ∈ H′P−6=0 . Then
a2−1 log((P−|X))nXX = E2.
Proof. Put t = 2−1 log((P−|X)). By Lemma 10.15(2), H′P−>0 = H′P
−
6=0 ⊂
(R1)P−6=0 . Then (P−|X) > 0, and log((P−|X)) is well-defined. Using
tr(X) = 1 and Lemma 10.5, nXX = r(−E1 +E2) + sP−+ 2−1(E−E3)
where r = 2−1(P−|X) and s = 4−1((P−|X)−1 − (P−|X)). Because of
re−2t = 2−1, r sinh 2t + se2t = 0, and Lemma 10.6, we get atnXX =
2−1(−E1 + E2) + 2−1(E1 + E2) = E2. 
Proof of Main Theorem 9.6. Put D = {g ∈ F4(−20)| (gP−|E2) >
0}. From (9.7) and Lemma 10.15(4), we see D = {g ∈ F4(−20)| gP− ∈
(N−1 )E2>0} = {g ∈ F4(−20)| gP− ∈ (N−1 )E26=0} = {g ∈ F4(−20)| (gP−|E2) 6=
0}. Now, from Lemma 10.10(2), KAN+ ⊂ D. Conversely, fix g ∈
D. From (9.5), g−1E2 ∈ H′, and (P−|g−1E2) = (gP−|E2) > 0,
so that g−1E2 ∈ H′P−>0 . Using Lemma 12.1 and a2−1 log((gP−|E2)) =
a2−1 log((P−|g−1E2)),
a2−1 log((gP−|E2))ng−1E2g
−1E2 = E2.
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Put k′ = a2−1 log((gP−|E2))ng−1E2g
−1. Then k′ ∈ (F4(−20))E2 = K by
(9.20), and
(*) g = k′−1a2−1 log((gP−|E2))ng−1E2 ∈ KAN+.
Thus D ⊂ KAN+, and so D = KAN+. Since the identity element
1 ∈ F4(−20) is in D and the complement set Dc is given by Dc = {g ∈
F4(−20)|(gP−|E2) = 0}, applying Lemma 10.16, D = KAN+ is an open
dense submanifold of F4(−20).
From (*), we set H(g) = 2
−1 log((gP−|E2))A˜13(1) ∈ a, n(g) =
ng−1E2 ∈ N+, and k(g) = k′−1 ∈ K, respectively. Then we get g =
k(g) exp(H(g))n(g), and it follows from Lemma 10.13(2) that H(g),
n(g), and k(g) are uniquely determined. Since (X|g−1Y ) = (gX|Y )
for all X, Y ∈ J 1, we see
ng−1E2 = exp
(G1(2−1(∑ 7i=0(gQ+(ei)|E2)ei)/(gP−|E2))
+G2(−2−1(
∑
7
i=1(gF
1
3 (ei)|E2)ei)/(gP−|E2))
)
.
Moreover, k(g) = gn(g)
−1 exp(−H(g)). Hence the result follows. 
13. The Matsuki decomposition of F4(−20).
For X ∈ J 1, we denote L×(X) ∈ EndR(J 1) by L×(X)Y = X × Y
for Y ∈ J 1. For j ∈ {1, 2, 3} and p, q ∈ R, we denote the subspace
(J 1)jp,q of J 1 by
(J 1)jp,q := {X ∈ J 1| σjX = pX, L×(2Ej)X = qX}.
Lemma 13.1. Let j ∈ {1, 2, 3} and p, q ∈ R.
(1) For all k ∈ (F4(−20))Ej ,
L×(2Ej) · k = k · L×(2Ej).
(2) The stabilizer (F4(−20))Ej invariants the space (J 1)jp,q.
Proof. (1) It follows from L×(2Ej)(kX) = 2Ej× (kX) = k(2Ej×X) =
k(L×(2Ej)X) for all X ∈ J 1.
(2) From [13, Proposition 4.14] and (1), we see that k ·σj = σj ·k and
L×(2Ej) ·k = k ·L×(2Ej) for all k ∈ (F4(−20))Ej . Hence (2) follows. 
By direct calculations, we have the following lemma.
Lemma 13.2. Let j ∈ {1, 2, 3}.
J 1 = (J 1)j−1,0 ⊕ (J 1)j1,0 ⊕ (J 1)j1,1 ⊕ (J 1)j1,−1
where
(J 1)j−1,0 = {F 1j+1(xj+1) + F 1j+2(xj+2)| xj+1, xj+2 ∈ O},
(J 1)j1,0 = {pEj| p ∈ R}, (J 1)j1,1 = {q(E − Ej)| q ∈ R},
(J 1)j1,−1 = {ξ(Ej+1 − Ej+2) + F 1j (xj)| ξ ∈ R, xj ∈ O}
and indexes j, j + 1, j + 2 are counted modulo 3.
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Let j ∈ {2, 3}. For X ∈ J 1, we denote the quadratic form Q by
Q(Y ) := −tr(Y ×2) for Y ∈ J 1, and S8,1j := {X ∈ (J 1)j1,−1| Q(X) =
1} = {ξ(Ej+1 − Ej+2) + F 1j (x)| ξ ∈ R, x ∈ O, ξ2 − (x|x) = 1}.
Lemma 13.3. Let j ∈ {2, 3} and indexes j, j + 1, j + 2 be counted
modulo 3. S8,1j decomposes into the following two (F4(−20))Ej -orbits:
S8,1j = (F4(−20))Ej · (Ej+1 − Ej+2)
∐
(F4(−20))Ej · (−Ej+1 + Ej+2).
Proof. From [13, Lemmas 4.2 and 4.6],
S8,13 = (F4(−20))E3 · (E1 − E2)
∐
(F4(−20))E3 · (−E1 + E2).
Put g0 = exp(2
−1piA˜11(1)). Multiplying g0 from the left, we have
S8,12 = (F4(−20))E2 · (E1 − E3)
∐
F4(−20))E2 · (−E1 + E3).
Here, using g0σ3g
−1
0 = σ2, we can prove g0S8,13 = S8,12 . 
Lemma 13.4. Let X ∈ N−1 .
(1) If (X|E2) 6= 0, then there exists k ∈ K such that kX = rP−12
for some r > 0.
(2) If (X|E2) = 0, then there exists k ∈ K such that kX = rP−13
for some r > 0.
Proof. (1) From Lemma 13.2, X can be expressed by X = (F 13 (x3) +
F 11 (x1)) + pE2 + q(E − E2) + (ξ(E3 − E1) + F 12 (x2)) where F 13 (x3) +
F 11 (x1) ∈ (J 1)2−1,0, pE2 ∈ (J 1)21,0, q(E − E2) ∈ (J 1)21,1, ξ(E3 − E1) +
F 12 (x2) ∈ (J 1)21,−1, and p = (X|E2) 6= 0 with p, q, ξ ∈ R and xi ∈ O.
Because of X ∈ N−1 , we see p+ 2q = tr(X) = 0 and q2− ξ2 + (x2|x2) =
(X×2)E2 = 0. Then ξ
2 − (x2|x2) = 4−1p2 > 0. Setting r = 2−1|p|,
we can write ξ(E3 − E1) + F 12 (x2) = rW for some W ∈ S8,12 . From
Lemma 13.3 and (9.20), there exists k0 ∈ K = (F4(−20))E2 such that
k0W = (E3 − E1) with  = ±1. Because of K = (F4(−20))E2 , we get
k0(pE2) = pE2 and k0(q(E−E2) = q(E−E2). And because of F 13 (x3)+
F 11 (x1) ∈ (J 1)2−1,0 and Lemma 13.1(2), we get k0(F 13 (x3) + F 11 (x1)) =
F 13 (y3)+F
1
1 (y1) for some yi ∈ O. Therefore k0X = h1(η1, p, η3; y1, 0, y3)
where η1 = q−r and η3 = q+r. Put X ′ = k0X. Because of X ′ ∈ N−1
by (9.7),
(i) η1 = (E1|X ′) < 0, (ii) η1 + p+ η3 = tr(X ′) = 0,
(iii) η3η1 = (X
′×2)E2 = 0, (iv) pη3 − (y1|y1) = (X ′×2)E1 = 0,
(v) η1p+ (y3|y3) = (X ′×2)E3 = 0.
Form (i), (ii), and (iii), we get η3 = 0, η1 = −p, and p > 0. Next
by (iv) and (v), we get y1 = 0 and p =
√
(y3|y3). Consequently
X ′ = h1(−p, p, 0; 0, 0, y3) with p =
√
(y3|y3). Using (11.1), there exists
k1 ∈ D4 ⊂ K such that k1k0X = k1X ′ = h1(−p, p, 0; 0, 0, p) = pP−12.
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(2) Because of tr(X) = 0 and (X|E2) = 0, X = h1(−r, 0, r;x1, x2, x3)
for some r ∈ R and xi ∈ O. Because of X ∈ N−1 , we get −r =
(E1|X) < 0, −(x1|x1) = (X×2)E1 = 0, −r2 + (x2|x2) = (X×2)E2 =
0, and (x3|x3) = (X×2)E3 = 0. Then X = h1(−r, 0, r; 0, x2, 0) with
r =
√
(x2|x2). Using (11.1), there exists k′ ∈ D4 ⊂ K such that
k′X = h1(−r, 0, r; 0, r, 0) = rP−13. 
Proof of Theorem 9.7. Set O = {[X] ∈ F| (X|E2) 6= 0}, and O′ =
{[X] ∈ F| (X|E2) = 0}. Then F = O
∐O′. Because of F = N−1 / ∼
and Lemma 10.15(4), O = {[X] ∈ F| (X|E2) > 0}. For any k ∈ K,
(kX|E2) = (X|k−1E2) = (X|E2) by (9.20), so that K acts on O
and O′, respectively. When [X] ∈ O, by Lemma 13.4(1), there exists
k ∈ K such that k[X] = [kX] = [P−12]. And when [X] ∈ O′, by
Lemma 13.4(2), there exists k′ ∈ K such that k′[X] = [k′X] = [P−13].
Hence the result follows. 
Proof of Theorem 9.8. Put g0 = exp(−2−1piA˜11(1)), and D = {g ∈
F4(−20)| (gP−12|E2) = 0}. Then g−10 = exp(2−1piA˜11(1)), and from (10.6),
g−10 P
−
13 = P
−
12 and g
−1
0 E2 = E3. Fix g ∈ D. By (9.7), gP−12 ∈ N−1 ,
and applying Theorem 9.7, [gP−12] ∈ K · [P−13]. Therefore k[gP−12] =
[P−13] for some k ∈ K. Then g−10 kg[P−12] = [g−10 P−13] = [P−12], so that
g−10 kg ∈ (F4(−20))[P−12]. Using Theorem 9.5(1), g
−1
0 kg = matn for some
m ∈M, t ∈ R, and n ∈ N+. Thus g = k−1g0man ∈ Kg0MAN+, and
so D ⊂ Kg0MAN+. Conversely, take g = kg0atmn ∈ Kg0MAN+
with k ∈ K, t ∈ R, and n ∈ N+. Because of Lemma 10.7, (9.20), and
g−10 E2 = E3, we see (gP
−
12|E2) = (matnP−12|g−10 k−1E2) = e2t(P−12|E3) =
0. Thus g ∈ D, and so Kg0MAN+ ⊂ D. Hence Kg0MAN+ = D.
Last, from M ⊂ K and Main Theorem 9.6, KMAN+ = KAN+ =
{g ∈ F4(−20)| (gP−12|E2) 6= 0}. Thus F4(−20) = {g ∈ F4(−20)| (gP−12|E2) 6=
0}∐{g ∈ F4(−20)| (gP−12|E2) = 0} = KMAN+∐Kg0MAN+. 
14. The Bruhat and Gauss decompositions of F4(−20).
Because of F ' F4(−20)/MAN+, we consider N−-orbits on F to
give the Bruhat and Gauss decompositions of F4(−20). For any X ∈
(N−1 )σP−6=0 , denote zX := σ˜(nσX) ∈ N−.
Lemma 14.1. Assume that X ∈ (N−1 )σP−6=0 . Then
zXX = 4
−1(X|σP−)P−.
Proof. Since (σX|P−) = (X|σP−) 6= 0 and tr(σX) = tr(X) = 0,
applying Lemma 10.5,
nσX(σX) = 4
−1(σX|P−)(−E1 + E2 + F 13 (−1)) = 4−1(X|σP−)σP−.
Thus zXX = (σnσXσ)X = 4
−1(X|σP−)P−. 
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Proof of Theorem 9.9. Set O = {[X] ∈ F|(X|σP−) > 0}, and O′ =
{[X] ∈ F|(X|σP−) = 0}. Using Lemma 10.15(5), O = {[X] ∈ F|X ∈
(N−1 )σP−>0 } = {[X] ∈ F|X ∈ (N−1 )σP−6=0 } = {[X] ∈ F|(X|σP−) 6= 0}
and O′ = {[X] ∈ F|X ∈ (N−1 )σP−=0 } = {[σP−]}. Therefore F =
O∐O′. For any z ∈ N− and [X] ∈ O, using Lemma 10.8, (zX|σP−) =
(X|z−1(σP−)) = (X|σP−) > 0. Therefore N− acts on O. Fix [X] ∈ O.
Taking zX ∈ N−, from Lemma 14.1, zX [X] = [4−1(X|σP−)P−] = [P−].
Therefore O = N− · [P−]. Next, using Lemma 10.8, N− · [σP−] =
{[σP−]} = O′. Therefore F = O∐O′ = N− · [P−]∐{[σP−]} =
N− · [P−]∐N− · [σP−]. 
Proof of Main Theorem 9.10. Put D = {g ∈ F4(−20)|(gP−|σP−) >
0}. From (9.7), gP− ∈ N−1 , and using Lemma 10.15(5), D = {g ∈
F4(−20)|gP− ∈ (N−1 )σP−>0 } = {g ∈ F4(−20)|gP− ∈ (N−1 )σP−6=0 } = {g ∈
F4(−20)|(gP−|σP−) 6= 0} and the complement set Dc of D is given
by Dc = {g ∈ F4(−20)|(gP−|σP−) = 0} = {g ∈ F4(−20)| gP− ∈
(N−1 )σP−=0 } = {g ∈ F4(−20)|g[P−] = [σP−]}. First, let us show D =
N−MAN+. From Lemma 10.10(3), N−MAN+ ⊂ D. Conversely, fix
g ∈ D. Then gP− ∈ (N−1 )σP−>0 , and from Lemma 14.1, (zgP−)gP− =
4−1(gP−|σP−)P− and (gP−|σP−) > 0. Therefore (zgP−)g[P−] =
[4−1(gP−|σP−)P−] = [P−]. Using Theorem 9.5(1), (zgP−)g = matn
for some t ∈ R, m ∈M , and n ∈ N+. Thus
(*) g = (zgP−)
−1matn ∈ N−MAN+,
and so D ⊂ N−MAN+. Hence D = N−MAN+. Since the identity
element 1 ∈ F4(−20) is in D, applying Lemma 10.16, D = N−MAN+ is
an open dense submanifold of F4(−20).
Second, let us show Dc = σMAN . Fix σmatn ∈ σMAN with
m ∈M , t ∈ R, and n ∈ N+. By Lemma 10.7, σmatnP− = e2t(σP−), so
that σmatn[P
−] = [σP−]. Thus σMAN ⊂ Dc. Conversely, fix g ∈ Dc.
Because of g[P−] = [σP−], σg[P−] = [P−]. Using Theorem 9.5(1),
σg ∈ MAN+. Thus g ∈ σMAN+, and so Dc ⊂ σMAN+. Hence
Dc = σMAN+, and F4(−20) = D
∐Dc = N−MAN+∐σMAN+.
Now, from N− = σ˜(N+) = σN+σ and Lemma 10.9(3), it follows that
N−σMAN+ = σN+MAN+ = σMAN+.
Next, from (*), set n−G(g) = (zgP−)
−1, aG(g) = at, n+G(g) = n, and
mG(g) = m, respectively. Then g = n
−
G(g)mG(g)aG(g)n
+
G(g), and it
follows from Lemma 10.13(3) that aG(g), n
−
G(g), n
+
G(g), and mG(g) are
uniquely determined. Now, since (zgP−)g = matn and the uniqueness of
factors of the Iwasawa decomposition of F4(20), aG(g), n
+
G(g), andmG(g)
are given by aG(g) = exp
(
H((zgP−)g)A˜
1
3(1)
)
, n+G(g) = nI((zgP−)g),
and mG(g) = k((zgP−)g), respectively. Then these equations imply
that (i), (ii), (iii), and (iv). Indeed, using Lemma 14.1,
−((zgP−)gP−|E1) = −4−1(gP−|σP−)(P−|E1) = 4−1(gP−|σP−),
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so that t = 2−1 log(4−1(gP−|σP−)). Because of σQ+(ei) = Q−(ei),
σF 13 (ei) = −F 13 (ei), and (9.18), we see
(zgP−)
−1 =σ˜
(
exp
(
G1
(−2−1(∑ 7i=0(Q+(ei)|σgP−)ei)/(P−|σgP−))
+G2
(
2−1(
∑
7
i=1(F
1
3 (ei)|σgP−)ei)/(P−|σgP−)
)))
= exp
(
G−1
(−2−1(∑ 7i=0(Q−(ei)|gP−)ei)/(gP−|σP−))
+G−2
(−2−1(∑ 7i=1(F 13 (ei)|gP−)ei)/(gP−|σP−))) .
Moreover, we get n+G(g) = nI((zgP−)g) = nI(n
−
G(g)
−1g) and mG(g) =
(zgP−)gn
−1a−1t = n
−
G(g)
−1gn+G(g)
−1aG(g)−1. Hence the result follows.

Appendix A. The explicit formula c-function of F4(−20).
Recall a = {tA˜13(1)| t ∈ R}. Let a∗ be the dual of a, and a∗C the
complexification of a∗, and recall α ∈ Σ ⊂ a∗ ⊂ a∗C satisfies α(A˜13(1)) =
1. Let B(·, ·) be the Killing form of f4(−20). For λ ∈ a∗, we define the
element Hλ ∈ a by B(Hλ, H) = λ(H) for all H ∈ a, and the bilinear
form 〈·, ·〉 on a∗C by setting 〈λ1, λ2〉 := B(Hλ1 , Hλ2) and extending it to
the whole of a∗C by linearity. For any λ ∈ a∗C, we define λα ∈ C by
λα := (2〈λ, α〉)/〈α, α〉.
Because of dim a∗C = dim a = 1, λ = 2
−1λαα. We denote mα :=
dim gα = dim O = 8 and m2α := dim g2α = dim (ImO) = 7, and we
define ρ ∈ a∗C by
ρ := 2−1((dim gα)α + (dim g2α)2α) = 2−1(mα + 2m2α)α.
For λ ∈ a∗C, we consider the spherical function ϕλ on F4(−20) and the
c-function of Harish-Chandra on a∗C. From [5] (cf. [14], [15], [16]), ϕλ
is given by
ϕλ(g) :=
∫
K
e(λ−ρ)(H(gk))dk =
∫
N−
e(λ−ρ)(H(gz))e−(λ+ρ)(H(z))dz
for g ∈ F4(−20), and the function c is given by
c(λ) :=
∫
N−
e−(λ+ρ)(H(z))dz.
Here the measure dk on compact group K is normalized such that the
total measure is 1, and the Haar measures dn of nilpotent group N+
and dz of nilpotent group N− satisfy that
σ˜(dn) = dz and
∫
N−
e−2ρ(H(z))dz = 1.
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Lemma A.1. Let t ∈ R, p ∈ ImO, x ∈ O, and t ∈ R. Assume that
z = exp(G−2(p) + G−1(x)) ∈ N−. Then
H(atz) = 2
−1 log(e−2t((e2t + (x|x))2 + 4(p|p)))A˜13(1),(1)
H(z) = 2−1 log((1 + (x|x))2 + 4(p|p))A˜13(1).(2)
Proof. From (9.18) and (9.15), z = σ expG2(p) expG1(x)σ. Put X =
σ expG2(p) expG1(x)σP−. Using σP− = 2(−E1 + E2) − P−, (10.2),
and (10.3), we calculate that
X =− (((x|x) + 1)2 + 4(p|p))E1 + (((x|x)− 1)2 + 4(p|p))E2
+ 4(x|x)E3 + F 11 (2((x|x) + 2p− 1)x)
+ F 12 (−2x((x|x)− 2p+ 1)) + F 13 (−(x|x)2 − 4(p|p) + 1 + 4p).
Set X = h1(η1, η2, η3; y1, y2, y3). Using (10.5), we get (atzP
−|E1) =
(atX)E1 = 2
−1((η1 + η2) + (η1− η2) cosh(2t))− (1|y3) sinh(2t). Because
of 2−1(η1 + η2) = −2(x|x), 2−1(η1 − η2) = −(x|x)2 − 4(p|p) − 1, and
(1|y3) = −(x|x)2 − 4(p|p) + 1, we calculate that
(atzP
−|E1) = −e−2t((x|x)2 + 2e2t(x|x) + e4t + 4(p|p))
= −e−2t((e2t + (x|x))2 + 4(p|p)).
Thus (1) follows from Main Theorem 9.4(i), and substituting t = 0 in
(1), we obtain (2). 
Proposition A.2. Assume λ ∈ a∗C,
a = 4−1(mα + 2m2α + λα), b = 4−1(mα + 2m2α − λα).
Then there exists the constant C0 ∈ R such that
c(λ) = C0
∫
Rmα×Rm2α
((1 + (x|x))2 + 4(p|p))−adxdp,(1)
ϕλ(at) = C0
∫
Rmα×Rm2α
e2bt((e2t + (x|x))2 + 4(p|p))−b·(2)
((1 + (x|x))2 + 4(p|p))−adxdp
where the measure dx and dp are the Euclidean measure.
Proof. It follows from Lemma A.1. 
From [13, Lemma 7.2],
B(φ, σ˜φ) = −3
(∑
3
i=1
(
(
∑
7
j=0(Diej|Diej)) + 24(ai|ai)
))
where φ = dϕ0(D1, D2, D3) +
∑3
i=1 A˜
1
i (ai) with dϕ0(D1, D2, D3) ∈ d4
and ai ∈ O. We denote Q(φ) := −〈α, α〉B(φ, σ˜φ) for φ ∈ f4(−20). Then
from direct calculations, we have the following proposition.
Proposition A.3. If λ ∈ a∗C, p ∈ ImO, and x ∈ O, then Q(G−1(x)) =
2(x|x) and Q(G−2(p)) = 2(p|p).
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Corollary A.4. ([6], [17], cf. [14, Lemma 4.12 and (4.27)]). Let λ ∈
a∗C. For any X ∈ g−α and Y ∈ g−2α,
eλ(H(exp(X+Y ))) =
(
(1 + 2−1Q(X))2 + 2Q(Y )
)4−1λα
.
Remark A.5. ([6], [17], cf. [15], [16]). From Proposition A.2(1),
changing variables to polar coordinates, up to the constant multiple,
c(λ) is equal to∫ ∞
0
∫ ∞
0
tmα−1sm2α−1((1 + t2)2 + s2)−4
−1(λα+mα+2m2α)dsdt
=
∫ ∞
0
∫ ∞
0
(s/(1 + t2))m2α−1(1 + (s/(1 + t2))2)−4
−1(λα+mα+2m2α)
· tmα−1(1 + t2)−2−1(λα+mα)+1dsdt
=
∫ ∞
0
um2α−1(1 + u2)−4
−1(λα+mα+2m2α)du
·
∫ ∞
0
tmα−1(1 + t2)−2
−1(λα+mα)dt.
By using the integral formula∫ ∞
0
xa(1 + xc)−(b+1)dx = c−1Γ[(a+ 1)/c]Γ[b− ((a− c+ 1)/c)]/Γ(1 + b)
(Re(c) > 0; Re(a),Re(b) > −1; Re(b) > Re((a− c+ a)/c)), up to the
constant multiple, this integral is equal to
(Γ(λα/2)Γ((λα +mα)/4)) / (Γ((λα +mα)/2)Γ((λα +mα + 2m2α)/4)) .
These calculations imply the Gindikin and Karpelevich formula of the
semisimple Lie group F4(−20) which is known [2] (cf. [15, (4.3)], [9]).
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